SYDNEY GRAMMAR SCHOOL

2012 Assessment Examination

MATHEMATICS EXTENSI¢

Thursday 17th May 2012

General Instructions
o Writing time — 1 Hour 30 minutes
e Write using black or blue pen.

e Board-approved calculators and tems-
plates may be used.

e A list of standard integrals 1s provided
at the end of the examination paper.

Total — 55 Marks

o All questions may be attempted.

Section I ~ 7 Marks

s Questions 1-7 are of equal value.

e Record your solutions to the multiple
choice on the sheet provided.

Section IT — 48 Marks

* Questions 8~11 are of equal value.

¢ All necessary working should be shown
I every question.

e Start each question in a new booklet.

Checklist

e 5GS booklets — 4 per boy
e Multiple choice answer sheet
¢ Candidature — 86 boys

Collection

Write your candidate number clearly
on each booklet and on your multiple
choice answer sheet.

Hand in the booklets in a single well-
ordered pile.

Hand in a booklet for each question
in Section II, even if it has not been
attempted.

If you use a second booklet for a ques-
tion, place it inside the first.

Place your multiple choice answer
sheet inside the answer booklet for
(Question Eight.

Write your candidate number on this
question paper and submit it with
your answers.

Examiner
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SECTION I - Multiple Choice

Answers for this section should be recorded on the separate answer sheet
handed out with this examination paper.

QUESTION ONE

1
Which of the following expressions is a primitive of ——ee ?
V4 - 9z2

(A) Zsin7!3E
(B) %sin™'ZE
(C) sin™!3Z

(D) sin™'iE

&

QUESTION TWO
The remainder when 16z* — 8z + 3 is divided by z + ¢ is:

(A) —13+8i
(B) 19+8i
(C) —13—8i
(D) 19~8i

QUESTION THREE

The angle between the asymptotes of the hyperbola ;g - %2 =1 is approximately:
(A) T74°
(B) 37°
(C) 61°
(D) 29°

Exam continues next page ...
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QUESTION FOUR

At the point (2cos#é,sin 9) on the ellipse 2 + 4y? = 4 the tangent has gradient:
(A) Zcotf
(B) Ztand
(C) —2coth
(D) —2tanf

QUESTION FIVE

Im
SR
.
Q,/ /.’

> / ’
z F;

/p

w
0 Re

Let P and @ represent complex numbers w and z respectively in the first quadrant of the
Argand Plane, with argz > argw, as in the diagram above. The diagram also shows the
addition parallelogram. Then w — z is represented by the vector:

(4) PQ
(B) RP
(C) OR
(D) QP

Exam continues overleaf ...
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QUESTION SIX
One root of the quadratic equation iz% + 3z -+ 3 — 11 = 0 is 3 + 2. The second root is:

(A) —2i
(B) —3+1
(C) —6-— 2
(D) —3-5i

QUESTION SEVEN

A skydiver falls out of a plane which is fiying horizontally. Initially his motion is determined
by the acceleration due to gravity 10m/s* and any resistance is negligible. After 5 seconds,

" v .
he opens his parachute and his motion is determined by the equation & = 10 — I His
terminal velocity is 40 m/s. Downwards is taken as positive.

Which statement best reflects the situation after he opens his parachute?

(A) He hits the ground with a vertical speed of 40m/s.
(B) His vertical speed never exceeds 40m/s.
(C) His vertical speed never drops below 40m/s.

(D) We need to know his horizontal speed to complete this question.

BEnd of Section I

Exam continues next page ...
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SECTION II - Written Response

Answers for this section should be recorded in the booklets provided.
Show all necessary working.

Start a new booklet for each question.

QUESTION EIGHT (12 marks) Use a separate writing booklet. Marks
B
(a) Using a suitable substitution, or otherwise, evaluate / sec? ¢ tan z dz.
0

[22]

{b) By a suitable use of a Pythagorean identity, find / sin® z cos® z d.

(¢) Consider the ellipse & with equation 9z% + 16y = 144.
(i) Find its eccentricity.
(ii) Write down the coordinates of the foci.

(iif) Write down the equations of the directrices.

(] [=1[=][=]

(iv) Sketch the ellipse, showing any intercepts with the axes and the information found
abaove.

(d) It is known that the equation z° + 3z% + 7z + 5 = 0 has roots ¢, 3 and ~.

(i) Find a simplified monic polynomial equation with roots cv+ 1, B+ 1 and v + 1. 2

(=]{]

(ii) Hence solve z° + 3z* + 7z + 5 = 0.

QUESTION NINE (12 marks) Use a separate writing booklet. Mearks
s 2 1
(a) Use a t-substitution to evaluate /o |+ sz T oona dz
(b) Let P(z) = 23° + (1 — 4k)z? + (2k* — 2k)z + k2.
(i) Show that z ==k is a double root of P(z) = 0.
(ii) Hence find the third root of P{z) = 0.

(c) Consider the hyperbola # with equation zy = ¢® where ¢ is a positive constant and
let P(cp, g) be a variable point on H. Suppose that the tangent at P intersects the
z-axis at A and let M be the midpoint of AP.

(i) Show that the tangent to H at P has equation z + p°y = 2ep.

3
(ii) Show that M has coordinates ( 5P %)

(=] [&] [

(iii) Find the Cartesian equation of the locus of M, as P moves along the hyperbola
H.

Exam continues overleaf . ..



SGS Assessment 2012 .......... Form VI Mathematics Fxtension 2 .......... Page 6

QUESTION TEN (12 marks) Use a separate writing booklet. Marks

(a) Let I, = /2 cos™ zdz.
0

—1
(i) Prove that I, = o

Ipn—n, for n > 2.

(=] [e]

(i) Find I,.

{(b) An object with unit mass is launched straight upwards with an initial speed of wm/s.
1
It experiences the force of gravity and also a retarding force of 1—0—02 Newtons. Let z

be its vertical displacement from its point of launch and take upwards as positive and
the acceleration due to gravity as g = 10m/s?.

—400 — 2?
(1) Show that the equation of motion is & = —403*
400 + u?

(i) Show that the object rises to a maximum height of 201n (m.zl.géi)
(iii) With an initial speed of 10.m/s the particle reaches a maximum height of 20 In 2
metres. What launch speed would double this maximum height? Working is

required.

(c) Suppose that 0 <z < 1.

(i) Prove that 1 — 2z > 2z > 0.

2
(ii) Find sincos™! 57 ad T
QUESTION ELEVEN (12 marks) Use a separate writing booklet. Marks

i

{a) Let Iﬂ/z Insinzdz.
0

(i) Use the substitution u = § — z to show that

s
2
I:/ Incosxzdz.
0

(ii) Use the substitution u = 7 — x to show that
1 kip
I=- x/ Insinz dz.
2 Jo
z
(iii) Use part (i) to show that 27 = / ln(% sin 2:5) dz.
0
(iv) Hence use parts (ii) and (iii) to show that [ = ~—§ In2.

&

Exam continues next page ...



SGS Assessment 2012 .......... Form VI Mathemotics Extension 2 .......... Page 7

(b)

2

Consider the ellipse £ with equation 32— + = 1, where b < a. Let O(0,0) be the
a

2

¥

centre of the ellipse.

Let P() be the chord of contact defined by the point A(za,y0) external to the ellipse
such that P(z;,91) and Q(z2,y2) lie on £.

Similarly let P'Q’ be the chord of contact defined by the point A’ (xp,y4) external to
the ellipse such that P'(z7,y;) and Q' (x5, v5) lie on £.

T
(i) Show that the tangent to &€ at P(zy,y:) has equation -a1«2-$— + y;_gy = 1.
(ii) Assume the the chord of contact PQ has equation 202—3: + Yoy 1. Show that if
a b?

A, A" and O are collinear, then the chords PQ and P'Q’ are parallel.

(iii) If the chords PQ and P'Q’ are not parallel, then suppose they intersect at
R(z3,ys). Prove that the chord of contact from R lies on the line AA’.

End of Section I

END OF EXAMINATION
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SECTION I - Multiple Choice

QUESTION ONE
The required indefinite integral is:

Ry

Hence A.

QUESTION TWO
Let P(z) = 16z* — 8z + 3. Then P(—4) = 19 + 8i. Hence B.

QUESTION THREE

The angle of inclination of the asymptote y = 2z is tan™!(2) = 37°. The angle between
the asymptotes is twice this, hence A.

QUESTION FOUR
dy cosf

By parametric differentiation, == = ———— hence C.
v "dxr  —2sinf

QUESTION FIVE
The vector w — z runs from Q to P, hence D.

QUESTION SIX
Let the second root be o. Then the sum of the roots is @ + 3 + 25 = 3%, thus a = —3 + 4.
Hence B.

QUESTION SEVEN

After 5 seconds, the skydiver is travelling at 50 m/s, i.e. faster than the terminal velocity.
Once he opens his parachute, his speed will slow to approach the terminal velocity, but
never drop below this limiting velocity. Hence C.
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SECTION II - Written Response

QUESTION EIGHT (12 marks)

(a)

el

B D ] =
o+
i)
B
(]
8
—_d
oIy

l]

/ sec’ ztan z dr =
a

[ R

(tan? - tan> 0)

(b)
/sin3 zcos® zdr = /sin z(1 — cos® z) cos® z dx

. 2 . 4
= sinzcos®*t —sinzcostz | dz

—cosz  cosiz

=—5—+——+C
b2
(¢) (i) Wehaveb? =a*(1—e?)soe?=1-— =
9
Sinceaz4,b=3wehaveezm1~—1—6—:%.
Hence e = \/T?
(ii) The foci are (ae, 0) = (£v/7,0).
(iit) The directrices are z = g or g = —%. That is, z = 16,;/? 0
(iv)
Y

3
_4< i
-3

Marks

(o] [=] [=]
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(d) (i) Let P(z) = z® + 322 + 7Tz + 5 = 0. The required polynomial is P(z ~ 1). The
equation is:
(z-1P+3z~1)2+7(z—-1)+5=0
?—32%+32—1+3(z* - 22+ 1)+ Tz —T+5=0
7® +dr =0
w(z? +4) =0

(i) This new equation has roots z = 0, & = +2i. Hence the original polynomial
equation has roots —1, —1 & 21.

QUESTION NINE (12 marks) Marks

(a)

Let t = tan %
Then z =2tan"*f

2dt
Thus dr =
1+¢t2
3 1 ! 1 2
Hence f 5o / . —— dt
o i-f—cosrc—i—JSm:c 0 1+ +1ft~ 2

1
dt
/0 1+t J—l—t” e
2

=[x
1
/01+‘>t

- [ ; In(1 + dz:)}

1
=—Inj
2

F

0

(b) ()

We have P(k) =2k% + (1 — 4k)k® + (2k% — 2k)k + k2
=2k + k% — 4K% 4 2k3 — 242 + &2
=0

and Pk} = 6E* + (1 — 4k)2k + (2k? — 2k)
= 6k® + 2k — 8E* + 2k% — 2k
=0

Hence k is a double root of P(x).

2
5 1
(ii) Since the product of the roots is —5 the third root must be —5

z =
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{c} (i) By parametric differentiation,
dy _ dy/dp
dr dz/dp
£
-7
-C
]
PP
Hence at the point P{cp, %) the tangent is
al 1
O

P’y —cp=—z+cp
x—e-pgyw—*?,cp

(ii) The z-intercept has coordinates A(2¢p, 0}. Point M is the midpoint of AP, hence
it has coordinates

1 1 3 s
(5(20p+p), 50+ f.,)) = (5619, 5)

(iii) Eliminating the parameter p is easily done by noting
3 c
Ty = gep X %
Ty = 3c2
YT

This is a hyperbola— simply a stretched version of the original.

QUESTION TEN (12 marks) Marks

(a) (i) Using integration by parts,
7
I, = / cos™ x dzx
0

bl
2 -1
= COS T X CO8 T dz
0

i 7

2 n—2

2
= {Sinxcos”_1 :c] ——f sinz x —sinz(n — 1)cos" " “zdx
0

0

us

2
=04+(n—-1)x / sin®zcos® 2z dz

T
2
(n—1) x/ (1 —cos®z) cos™ 2z dzx
0

7 2
={n-—-1)x (/ ”'"Qrdx—/ cos”:cd:c)
0 0

(n—1) X(In g—fn)
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Hence In + (n— 1)1 = {n— 1)1, 1
TLIn = (TL — 2).[”_1

In:n~1-[n—2
n
(ii)
3
I4~—EI2
=§~><}></2 dx
4 2 0
3 1 =
= X — ¥ —
4 2 2
_37«’
18

The forces on the object are gravity —mg and a retarding

force opposing the motion —%vz. By Newtons second

law, the resulting force gives equation mz = —mg— 4—101’2-

Taking g = 10 and m = 1 {since the object has unit mass)
gives

e 2

F=—10— ?f?j”
_—400 —v?
- 40

(ii} Solving this equation of motion gives:

- —400 — v
N 40
dv 400 + v*
P = o
dx 40
40udv
————— =z
400 + 2

2
Hence / dr = —-20 x /mw
z = —201n(400 + v?) + C

positive

(A

—mg 1,2
9 —5v

Since ¢ = 0 when v = u, we have C' = 201n(400 -~ 1?). The maximum height

z = H is attained when v =0, so

H = —20In400 + 201n(400 + v?)

400 + u?
=20l | ———
Oln( 100 )
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(i) We need to find what initial speed u gives a maximum height 401n % That is,
we must solve

2
401112« =21In (m)

400
- 400 + u?
21n % =In (W)
= 400 + u?
25 __
111 16— 11’1 (—'4—00——)
25 _ 400 + u?
1 400
625 = 400 + u
295 = 12
u =15
(c) (i)
O<z< i
0< 2z < %

0> ~2z > —1
1>1w2$>%

But%>2:v>0,sol—2rc>2:c>0.

2
. Since i < 0, the angle 8 is in quadrant 2. The related

2z -1 2z —1
triangle is drawn below: note that |2z — 1| = 1 — 2z > 0. The missing side length
¢ in this triangle is given by
% = (1 —2z)% — (22)?
=1—4z

(i) Let 8 = cos™?

Y

1—4dx

Vi—dx

The angle is in quadrant two, hence sin# = + T e
— 2z
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QUESTION ELEVEN (12 marks) Marks

(a) ()

3
Iw/ Insinzdz
o

0
x/ msin(f —u) x —du

= / Insin(f — u) du
o

%
= / Incosudu
)
i
2
= Incoszdz
Jo

relabelling v as z.

(if)

r

P
Im/ Insinz dz
0

= / Insin{r —u) x —du

]

:/ msin(m —u)du

= f lnsin w du

Hence

m

by
/ Insinzdr = / Insinxzdzx + ﬁ Insinrdz
0 0 7
I
The result now follows on dividing by 2.
(iii)

5
2[:/ 1nsin:cda:+/2 Incoszdr
0 0

0l

[N

2
= / In {sinzcosz) dz

)

(SE]

In (% sin 2x> dx
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(iv} Use the substitution u = 2z in part (iii). Then

21:/
o
= /Oﬁ ln(%sinu) %du

x/ (111-.} +Insinu) du
0

LSIE

In (% sin 23;) dz

1 T i
=5 X (/ 1n%du+/ 1nsinu> du.
2 0 0

T
Hence [ = -3 In2.

)

(v) By implicit differentiation,

2 2y’
2wy
a? b2
;L ~xb?
Y yaz
2
’ —“(L']_b"
= at (z1,
i (z1,1)
The tangent at P has equation
—-ﬂ:lbz
— e T —
(y yl) ylaz ( I})
yyr —yi _ —zm + a2t
b2 - a?
Tr1 |, Yyr 33_% . y%
a® B a2 p?
e N 1
@z v

since {z1,y1) is on £.

(vi) We are given that gradient AQ = gradient AQ' and required to show that

gradient PQ = gradient P'Q’.

By rearranging the chord of contact formula, the gradient of PQ is

—znb?
Similarly the gradient of P'Q’ is —,OT.
Yoo
f
Thus it is enough to show that o _ x—?.
Yo Yo

-—:Eob"
yoa®

2
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-0 6—0 t
But gradient AQ = it =20 and gradient 4’0 = $? = $—?
vo—0  w %—0 v

Since by assumption gradient AO = gradient AQ’, we are done.

(vii) The equations of the chords of contact PQ and P'Q’ from 4 and A’ respectively
are ) )

o | YYo _ LIy . YYo __

@ T sl amd o aay =l

Now since R{z3,ys3) is on the intersection of PQ and P'Q’, then it lies on both

lines, that is its coordinates satisfy both equation. Hence

T3Zo . YsYo TaTy  Y3Yo
N L | and 2890 . q
a2 bZ (12 bZ
E3T | Yay

But the chord of contact from R(z3,ys) has equation z - Fral 1.

By the previous two equations (zq, yo) and (zg,yp) lie on this line. Hence the line
AA' is the line through the chord of contact from R.

BDD



